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Abstract— Planning through crowded environments under
uncertain obstacle motions remains difficult, as stochastic in-
teractions often induce overly conservative behavior or reduced
efficiency. To address this challenge, we propose an end-to-
end risk adaptation framework for crowd navigation under
obstacle-motion uncertainty modeled by a Gaussian mixture
model. The framework combines reinforcement learning with
a differentiable quadratic-program safety layer based on a
Conditional Value-at-Risk barrier function, jointly learning
nominal control input, risk level, and safety margin and enforc-
ing explicit probabilistic safety constraints. This design enables
context-aware adaptation, promoting efficient behavior while
invoking caution only when necessary. We conduct extensive
evaluations in dynamic, uncertain, and crowded environments
across varying obstacle densities, and also assess generaliza-
tion under three out-of-distribution cases. Comparisons across
optimization-based, RL-based, and integrated RL and opti-
mization methods are provided, and the proposed method is
shown to deliver the strongest overall performance in safety
and generalization under uncertainty. [Paper Page]1 [Code] 2

I. INTRODUCTION

Safe and efficient robot navigation in crowded environ-
ments under uncertain obstacle motion remains challenging.
A key difficulty is achieving high efficiency while maintain-
ing safety without excessive conservatism. Risk-neutral ob-
jectives optimize expected cost but may overlook dangerous
tail events [1], whereas risk-averse robust optimization meth-
ods account for worst-case scenarios over distributions [2]
potentially at the price of excessive conservatism.

Recent work has adopted Conditional Value-at-Risk
(CVaR), a tail-sensitive risk measure that provides a tunable
balance between safety and efficiency [3]–[5]. Motivated by
the deterministic guarantees of Control Barrier Functions
(CBFs), several works combine CBFs with CVaR to en-
force probabilistic safety under uncertainty [6]–[8]. How-
ever, CVaR barrier function (CVaR-BF) methods typically
use a fixed risk level throughout the trajectory, limiting
adaptability in dense crowds: conservative settings can cause
overly cautious behavior or even infeasibility, whereas ag-
gressive settings improve progress at the expense of safety.
Prior work partially addresses this limitation by adapting the
risk level online within the CVaR-BF framework [9]. While
promising, this approach relies on heuristics, and its perfor-
mance in more complex settings, such as constrained dynam-
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Fig. 1: Overview of DiffCVaR. The policy learns nominal control, risk level,
and safety margin, while the differentiable GMM-based CVaR-BF-QP layer
produces the applied safe control.

ical robot models and multiple obstacle behavioral modes,
remains unclear. These limitations motivate a learning-based
method, since adaptive risk parameters are difficult to design
analytically across diverse stochastic crowd interactions.

Recently, reinforcement learning (RL) has shown advan-
tages for adaptive decision making, since context-dependent
control strategies can be learned directly from interaction
data [10], [11]. In addition, RL has demonstrated strong
performance by learning diverse and socially compliant be-
haviors in highly dynamic environments [12]–[14]. However,
in safety-critical settings, RL policies typically provide only
empirical safety and can degrade under distribution shift,
such as denser crowds or previously unseen behaviors. To
address this limitation, several mechanisms have been pro-
posed to incorporate formal safety guarantees into RL [15].
A common approach is to use external safety modules,
such as CBF-based safety filters that modify nominal policy
outputs to satisfy safety constraints [16], or model-predictive
shielding methods that verify policy actions using predictive
models and replace unsafe actions when necessary [17], [18].
These methods can improve safety at inference time, but
because the safety module is not jointly optimized with the
pre-trained RL policy, the resulting closed-loop behavior can
remain suboptimal. Instead, we adopt an integrated differ-
entiable optimization layer that enables gradients to pass
through this safety layer during end-to-end learning [19].
Closely related work such as [20]–[22] adopts a differen-
tiable CBF layer, but assumes deterministic obstacle motion.

To address these gaps, we propose an end-to-end frame-
work for safe navigation that integrates learning with a
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differentiable safety layer under uncertain obstacle motion.
The main contributions are as follows:

• An end-to-end risk-adaptive framework in which an RL
policy jointly learns nominal control input, risk level,
and safety margin for context-aware adaptation.

• A differentiable CVaR-BF quadratic program (CVaR-
BF-QP) safety layer under Gaussian mixture model
(GMM) obstacle-motion uncertainty, yielding
tractable quadratic program (QP) constraints with
explicit probabilistic safety guarantees. To the best
of our knowledge, this is the first tractable QP
reformulation of a CVaR-based control barrier function
under Gaussian-mixture uncertainty.

• A broad comparative study of optimization-based, RL-
based, and integrated RL and optimization methods in
challenging dynamic environments, obstacle densities,
and out-of-distribution cases, showing that the proposed
method achieves the strongest overall performance in
safety, efficiency, robustness, and generalization.

II. RELATED WORK

A. Robust Optimization

Robust optimization provides a standard foundation for
handling uncertainty and enforcing safety in dynamic en-
vironments. For example, [3] developed a sample-based,
distributionally robust CVaR safety filter that constructs safe
half-spaces from predicted obstacle trajectories for uncer-
tain obstacle avoidance. [4] further incorporated predictive
motion uncertainty into a distributionally robust, chance-
constrained model predictive control (MPC) framework for
safe robot navigation in crowds. CVaR has also been incor-
porated into CBF frameworks. For example, [6] integrated
Kalman filtering and worst-case CVaR to derive risk-aware
safety constraints for discrete-time stochastic systems. More
recently, [7] combined cooperative sensing with a CVaR-
BF-QP safety filter for dynamic obstacle avoidance. These
methods provide strong risk-aware safety guarantees, but
they typically rely on fixed risk specifications and can
become conservative in dense, highly dynamic interactions.

To mitigate this conservatism, [9] introduced a risk-
adaptive CVaR-BF that adjusts risk tolerance online and
handles general uncertainty via sampling-based CVaR. How-
ever, this formulation has two limitations. First, sampling-
based CVaR calculation can be computationally demanding.
Closed-form CVaR formulations address this issue by im-
proving computational efficiency [3], [6], but they often rely
on Gaussian motion assumptions that do not capture multiple
behavioral modes. Second, heuristic risk adaptation can be
difficult to tune in scenarios involving more complex inter-
actions and multiple obstacle behavioral modes. Learning-
based methods address this issue by adapting risk sensitivity
from interaction data [10], but they typically provide only
empirical safety rather than explicit formal guarantees. These
limitations motivate an adaptive CVaR-BF method that is
both computationally tractable and capable of providing real-
time probabilistic safety under GMM uncertainty.

B. Safe Reinforcement Learning with Optimization

RL has become a prominent approach for learning
risk-adaptive and socially compliant navigation behaviors
in dynamic crowds [11]–[13]. Prior work has explored
attention-based graph representations for modeling crowd
interactions [12], [13], adaptive conformal inference with
constrained RL for socially aware navigation [13], and
confidence-aware robust dynamical-distance constrained RL
for uncertain interactions [11]. Despite strong empirical
performance, these methods generally do not provide explicit
probabilistic safety guarantees.

To improve safety, some approaches augment learned
policies with runtime safety filters. For example, policy
actions can be filtered through a CBF-QP controller [16]
or safeguarded by MPC-based shielding that verifies and
replaces unsafe actions when necessary [17], [18]. Although
these mechanisms can improve deployment-time safety, the
safety layer is typically not jointly optimized with the pre-
trained RL policy, which can lead to conservative or sub-
optimal closed-loop behavior. A more integrated direction is
to embed constrained optimization directly into the learn-
ing pipeline through differentiable layers [19]. Prior work
leverages differentiable CBF-QP layers to facilitate gradient
propagation during training [20]–[22]. Nevertheless, these
methods rely on deterministic assumptions and do not ex-
plicitly incorporate uncertainty in an end-to-end framework.

III. PRELIMINARIES AND PROBLEM FORMULATION

A. Continuous-Time Control Barrier Functions

Consider the continuous-time control-affine system:

ẋ(t) = f
(
x(t)

)
+ g
(
x(t)

)
u(t), (1)

where u ∈ U ⊂ Rnu is the admissible control input and
x ∈ X ⊆ Rnr denotes the robot state. Let p ∈ Rnp denote
the robot’s position. For notational simplicity, when the time
dependence is clear from context, we write x and u in place
of x(t) and u(t). The functions f : X → Rnr and g : X →
Rnr×nu are both assumed to be locally Lipschitz continuous.
Let h : Rnr → R be a continuously differentiable function.
The safe set is defined as the superlevel set

Xsafe = {x ∈ Rnr | h(x) ≥ 0}. (2)

A set Xsafe ⊂ Rnr is forward invariant for (1) under a control
input u(t) ∈ U if its solutions starting at any x(0) ∈ Xsafe
satisfy x(t) ∈ Xsafe, ∀t ≥ 0.

Definition 1 (Control Barrier Function [23]). Let ḣ =
Lfh(x) + Lgh(x)u, where Lfh(x) = ∇h(x)⊤f(x) and
Lgh(x) = ∇h(x)⊤g(x) are the Lie derivatives of the
function h with respect to f and g. Given the set Xsafe in
(2), a continuously differentiable function h : Rnr → R is
a CBF for System (1) if there exists an extended class-K∞
function α such that

sup
u∈U

[Lfh(x) + Lgh(x)u] ≥ −α
(
h(x)

)
, ∀x ∈ Xsafe. (3)

Following the CBF guarantee in [23], we define the
admissible safe-control set KCBF(x) := {u ∈ U | Lfh(x) +



Lgh(x)u + α(h(x)) ≥ 0}. If h is a CBF and a locally
Lipschitz controller κ(x) satisfies κ(x) ∈ KCBF(x) for all
x ∈ Xsafe, then the set Xsafe is forward invariant.

B. Probabilistic Constraints

In dynamic-obstacle scenarios, due to the inherent un-
certainty of obstacle motion, the safe set in (2) cannot be
computed deterministically. Let I := {1, . . . , Nobs} denote
the set of obstacle indices, where Nobs is the number of
obstacles observed. For each i ∈ I, let xo

i ∈ Rno denote the
state and po

i ∈ Rnp denote the position. For each obstacle,
we use a continuously differentiable barrier function hi :
Rnr × Rno → R and define the safe set as

Ci = {x ∈ Rnr | hi(x,x
o
i ) ≥ 0}. (4)

The multi-obstacle safe set is the intersection C =
⋂

i∈I Ci.
Throughout the theoritical analysis below, we adopt standard
distance-based barrier function

hi = ∥p− po
i ∥22 − (Rr +Ro

i )
2 (5)

with Ro
i and Rr denoting the radius of obstacle i and

the robot, respectively. Following previous work [24], we
assume xo

i can be observed at the current time, while future
obstacle motions are predicted under uncertainty, i.e.,

ẋo
i = fo

i

(
xo
i

)
+ zoi , (6)

where fo
i : Rno → Rno denotes a prediction model of obsta-

cle i, and for each fixed t, zoi is a random variable following
an estimated distribution Di. In this work, we instantiate
Di as a GMM to capture multiple possible obstacle-motion
modes. Let J := {1, . . . ,M} denote the set of GMM mode
indices:

zoi ∼ pi(z
o
i ) =

∑
m∈J

wi,mpi,m(zoi ),
∑
m∈J

wi,m = 1. (7)

where each mode pi,m(zoi ) is a unimodal Gaussian distribu-
tion N (µi,m,Σi,m) with mean vector µi,m and covariance
matrix Σi,m induced by the m-th Gaussian component.

Taking the total time derivative of hi(x,x
o
i ) gives

ḣi(x,x
o
i , z

o
i ) = ∇xhi

(
x,xo

i

)⊤
ẋ+∇xo

i
hi

(
x,xo

i

)⊤
ẋo
i . (8)

Thus, at each time t, ḣi is random and the CBF condition
should be formulated as a probabilistic constraint. Let

Hi := ḣi(x,x
o
i , z

o
i ) + α(hi(x,x

o
i )). (9)

We next introduce the probabilistic CBF condition used to
enforce safety under obstacle-motion uncertainty.

Definition 2 (Probabilistic CBF). Let βi ∈ (0, 1) be the
allowable violation probability for obstacle i. The collection
of functions {hi}i∈I is a βi-probabilistic CBF if there exists
an extended class-K function α(·) such that for each x ∈ C
there exists u ∈ Rnu satisfying

P (Hi ≥ 0) ≥ 1− βi, ∀i ∈ I, (10)

where zoi ∼ Di and Hi is defined in (9).

For notational simplicity, the following definitions are
stated for a generic random variable H . In the multi-obstacle
setting, they are applied to each Hi. Following [25], the
associated Value-at-Risk (VaR) of H is

VaRβ(H) = sup
ζ∈R

{
ζ | P

(
H ≥ ζ

)
≥ 1− β

}
. (11)

The CVaR is then defined as follows:

Definition 3 (Conditional Value-at-Risk [25]). The expected
tail value of H below the threshold VaRβ(H) is

CVaRβ(H) := E[H | H ≤ VaRβ(H)] . (12)

An equivalent optimization form is given in [25]:

CVaRβ(H) = − inf
ζ∈R

E
[
ζ +

(−H − ζ)+
β

]
, (13)

where (·)+ = max{·, 0}. Note that β → 1 corresponds to the
risk-neutral case, i.e., CVaRβ(H) → E[H]; whereas β → 0
corresponds to the risk-averse case, i.e., CVaRβ(H) →
VaRβ(H) [26]. Compared with VaR, CVaR satisfies the
axioms of a coherent risk measure, which are essential for
rational risk assessment [27]. It is also convex [25], which is
important in our proposed method, as it enables a tractable
convex optimization formulation. The CVaR condition im-
plies the chance constraint [9]:

CVaRβ(H) ≥ 0 ⇒ P(H ≥ 0) ≥ 1− β. (14)

C. Problem Formulation

We now formalize the finite-horizon navigation objective:
to synthesize a control policy that maintains probabilistic
safety under stochastic obstacle motion with multiple behav-
ioral modes while efficiently reaching the navigation goal.

Problem 1. Given the initial state x(0), system dynamics (1),
obstacle uncertainty distributions {Di}i∈I , a time horizon
T > 0, and a target risk ϵ ∈ (0, 1), find a task-efficient
control policy satisfying

P
(
x(t) ∈ C, ∀t ∈ [0, T ]

)
≥ 1− ϵ, (15)

where x(t) ∈ C means hi(x(t),x
o
i (t)) ≥ 0 for all i ∈ I.

Directly enforcing the condition in (15) over the contin-
uous horizon [0, T ] is intractable. Next, we introduce our
method, which uses the probabilistic CBF condition in (10)
and reformulates these chance constraints into tractable
mode-wise CVaR constraints under the GMM uncertainty
model. Proposition 2 then shows that enforcing these con-
straints with a proper risk level guarantees (15).

IV. PROPOSED METHOD

This section presents the proposed risk-adaptive control
method for Problem 1. Using the GMM introduced in (7),
the resulting chance constraints are reformulated as a CVaR-
BF-QP with probabilistic safety guarantees. This CVaR-BF-
QP is enforced through a differentiable optimization layer,
enabling safe control and end-to-end policy learning.



A. CVaR Constraint under GMM

Since ḣi(x,x
o
i , z

o
i ) in (8) is affine in zoi , the Hi in (9) is

also Gaussian under each GMM mode, i.e.,

Hi ∼ pi(Hi) =
∑
m∈J

wi,mpi,m(Hi),
∑
m∈J

wi,m = 1, (16)

where each mode pi,m(Hi) is also a scalar Gaussian distri-
bution N (µH

i,m, (σH
i,m)2) with mean and variance

µH
i,m = ∇xhi(x,x

o
i )

⊤(f(x) + g(x)u
)
+ α(hi(x,x

o
i ))

+∇xo
i
hi(x,x

o
i )

⊤(fo
i (x

o
i ) + µi,m

)
,

(σH
i,m)2 = ∇xo

i
hi(x,x

o
i )

⊤Σi,m∇xo
i
hi(x,x

o
i ).

(17)

We use the linear extended class-K function α(h) = α0h,
where α0 > 0. In previous work, under a GMM distribu-
tion, CVaR can be computed following [28], but it requires
a numerical search for the VaR of the GMM, which increases
the online computational cost. We instead impose the follow-
ing mode-wise CVaR, which is a tractable sufficient surrogate
for the full GMM CVaR constraint:

CVaRβi,m
(Hi,m) ≥ 0, ∀m ∈ J . (18)

For each Hi,m, CVaR admits a closed-form expression [29]:

CVaRβi,m(Hi,m) = µH
i,m − ϕ(Φ−1(βi,m))

βi,m
σH
i,m, (19)

where ϕ and Φ−1 are the standard normal PDF and inverse
CDF, respectively. Since µH

i,m is affine in u and σH
i,m is

independent of u, each constraint CVaRβi,m
(Hi,m) ≥ 0 is

a affine inequality in u.

Lemma 1 (Mode-Wise Chance Constraint). For any Gaus-
sian mode Hi,m ∼ N (µH

i,m, (σH
i,m)2), if (18) holds for some

βi,m ∈ (0, 1), then

Ppi,m(Hi,m ≥ 0) ≥ 1− β̂(βi,m) ≥ 1− βi,m, (20)

where the bound is β̂(b) := Φ
(
−ϕ(Φ−1(b))

b

)
, b ∈ (0, 1).

Proof. Let Z ∼ N (0, 1) and b := βi,m. Under the definition in
(12), and since Φ is monotonically increasing,

CVaRb(Z) = −ϕ(Φ−1(b))

b
≤ VaRb(Z) = Φ−1(b),

β̂(b) = Φ(CVaRb(Z)) ≤ Φ(VaRb(Z)) = b.

For σH
i,m > 0, the standardized mode (Hi,m − µH

i,m)/σH
i,m has

the same distribution as Z. Equations (18) and (19) give
µH
i,m

σH
i,m

≥
ϕ(Φ−1(βi,m))

βi,m
. Thus,

Ppi,m(Hi,m < 0) = Ppi,m

(
Z < −

µH
i,m

σH
i,m

)
= Φ

(
−
µH
i,m

σH
i,m

)
≤ Φ

(
−ϕ(Φ−1(βi,m))

βi,m

)
= β̂(βi,m) ≤ βi,m.

If σH
i,m = 0, (18) implies µH

i,m ≥ 0, so Ppi,m(Hi,m < 0) = 0.

Proposition 1 (GMM Mixture Chance Constraint). Suppose
that (18) holds for obstacle i and the mode-wise risk allo-
cation satisfies ∑

m∈J
wi,mβi,m = βi. (21)

Then,

P(Hi ≥ 0) ≥ 1−
∑
m∈J

wi,mβ̂(βi,m) ≥ 1− βi. (22)

Thus, (10) holds for obstacle i.

Proof. By Lemma 1, the law of total probability yields

P(Hi ≥ 0) =
∑
m∈J

wi,mPpi,m(Hi,m ≥ 0)

≥ 1−
∑
m∈J

wi,mβ̂(βi,m)

≥ 1−
∑
m∈J

wi,mβi,m = 1− βi.

Following [30], our implementation uses the uniform
mode allocation βi,m = βi for all m ∈ J . Since∑

m∈J wi,m = 1, it satisfies (21), and the weighted tight-
ened bound simplifies to

∑
m∈J wi,mβ̂(βi) = β̂(βi).

B. Probabilistic Safety Guarantee
Building on Proposition 1, we formulate the following

tractable CVaR-BF-QP. Given a nominal input unom, risk
levels {βi}i∈I , and risk allocations satisfying (21), this yields
the following CVaR-BF-QP,

u∗ = argmin
u∈U

1

2
∥u− unom∥22 s.t.(18) and (21). (23)

We now prove that solving (23) yields the finite-horizon
probabilistic safety guarantee in (15) under Assumption 1. In
implementation, since the controller is actually applied at dis-
crete sampling instants, we partition the continuous horizon
[0, T ] into sampling intervals and prove safety recursively
over these intervals. Let tk = k∆t for k = 0, . . . ,K − 1
and tK = T , where ∆t > 0 and K = ⌈T/∆t⌉. For each k,
define the safety event up to time tk as

Γk :=
⋂
i∈I

{hi(x(t),x
o
i (t)) ≥ 0, ∀t ∈ [0, tk]} . (24)

Assumption 1. Under the uniform mode allocation used in
our implementation, the probabilistic CBF bound in (22),
enforced at sampling time tk, is assumed to remain sat-
isfied over the interval [tk, tk+1), conditioned on Γk, i.e.,
P
(
Hi(t) ≥ 0, ∀t ∈ [tk, tk+1)

∣∣∣Γk

)
≥ 1− β̂(βi,k).

Assumption 1 can be verified under standard sampled-
data CBF assumptions [31]: (i) zero-order-hold control and
(ii) Lipschitz continuity of Hi along trajectories, |Hi(t) −
Hi(tk)| ≤ Li,k|t− tk|. These imply that inter-sample safety
holds when the sampling interval ∆t is sufficiently small
that P(Hi(tk) ≥ Li,k∆t | Γk) ≥ 1− β̂(βi,k). Adapting the
discrete-time argument of [32, Proposition 1], we obtain the
following continuous-time result.

Proposition 2 (Probabilistic safety over a finite horizon).
Suppose Assumption 1 holds and uk is computed by (23) at
every tk. If P(Γ0) = 1 and there exists a β ∈ (0, 1) such
that

∑
i∈I βi,k ≤ β, k ∈ {0, . . . ,K − 1}, then

P(ΓK) ≥
K−1∏
k=0

(
1−

∑
i∈I

β̂(βi,k)

)
≥ (1− β)K .



In particular, for any target horizon risk ϵ ∈ (0, 1), if β ≤
1− (1− ϵ)1/K , then P(ΓK) ≥ 1− ϵ.

Proof. According to Proposition 1, the solution of (23)
enforces the bound in (22) for every k ∈ {0, . . . ,K − 1}.
For each obstacle i ∈ I, define Ek,i := {Hi(t) ≥ 0, ∀t ∈
[tk, tk+1)}, and let Ek :=

⋂
i∈I Ek,i. By Assumption 1,

P(Ek,i | Γk) ≥ 1− β̂(βi,k) for every i ∈ I. Thus, by De
Morgan’s law and the union bound,

P(Ek | Γk) = 1− P(Ec
k | Γk) = 1− P

(⋃
i∈I

Ec
k,i

∣∣∣∣∣Γk

)
≥ 1−

∑
i∈I

P(Ec
k,i | Γk) ≥ 1−

∑
i∈I

β̂(βi,k)

≥ 1−
∑
i∈I

βi,k ≥ 1− β.

Define the interval safety events Fk,i := {hi(x(t),x
o
i (t)) ≥

0, ∀t ∈ [tk, tk+1)} and Fk :=
⋂

i∈I Fk,i. By the CBF
theory [23], we have Γk∩Ek,i ⊆ Fk,i. Taking the intersection
over all i ∈ I gives Γk ∩Ek ⊆ Fk. Since Γk+1 = Γk ∩ Fk,
we have

P(Γk+1 | Γk) = P(Fk | Γk) ≥ P(Ek | Γk)

≥ 1−
∑
i∈I

β̂(βi,k) ≥ 1− β.

Since Γk+1 augments Γk with safety over the entire interval
[tk, tk+1), the events {Γk}Kk=0 are nested continuous-time
safety events. Thus, using P(Γ0) = 1, the chain rule gives

P(ΓK) ≥
K−1∏
k=0

(
1−

∑
i∈I

β̂(βi,k)

)
≥ (1− β)K .

If β ≤ 1 − (1 − ϵ)1/K , then (1 − β)K ≥ 1 − ϵ, and hence
P(ΓK) ≥ 1− ϵ. Since tK = T , (24) gives the desired safety
event over [0, T ].

C. Adaptive CVaR-BF-QP

The proposed optimization in (23) can be implemented
as a differentiable safety layer, enabling end-to-end policy
learning while maintaining probabilistic safety guarantees.
The resulting closed-loop system is modeled as a Markov
decision process and trained with an actor-critic algorithm.
At sampling step k, to encode interactions with multiple
dynamic obstacles, we represent the observation sk ∈ S
as a spatio-temporal graph Gk = (Vk, Ek), following the
attention-based method in [33]. Unlike [33], our encoder
connects corresponding entities across consecutive observa-
tions using temporal edges, providing short-term context for
changes in relative geometry and obstacle motion.

Unlike standard RL, the action ak ∈ A in our framework
is not the final control input applied to the system. Instead,
it is sent into the CVaR-BF-QP layer, which solves for
the safe control input u∗

k. The graph encoder produces a
robot embedding and individual obstacle embeddings. The
actor network parameterized by θ maps the robot embedding
through a nominal-control MLP head to the nominal control
input unom,k and applies shared obstacle MLP heads to each

obstacle embedding to produce the risk levels {βi,k}i∈I and
adaptive safety-margin offsets {∆Ri,k}i∈I . These outputs
define ak :=

(
unom,k, {βi,k}i∈I , {∆Ri,k}i∈I

)
, while the

critic estimates the state value Vω(sk).
We constrain the learned parameters to βi,k ∈ (0, 1),∑
i∈I βi,k ≤ β, and ∆Ri,k ∈ [∆Rmin,∆Rmax], where β ∈

(0, 1) is a user-defined total risk budget and ∆Rmin,∆Rmax

are the minimum and maximum admissible safety-margin
offsets, respectively. At sampling time tk, the fixed policy
output ∆Ri,k ≥ 0 defines the following barrier function

h∆
i,k(p,p

o
i ) = ∥p− po

i ∥22 −
(
Rr +Ro

i +∆Ri,k

)2
. (25)

Let H∆
i,m,k denote the mode-wise CBF expression con-

structed from h∆
i,k. Define ci,k := 2(Rr + Ro

i )∆Ri,k +

(∆Ri,k)
2. Since ∆Ri,k ≥ 0, we have ci,k ≥ 0 and H∆

i,m,k =
Hi,m,k − α0ci,k ≤ Hi,m,k. Therefore, by CVaR translation
equivariance,

CVaRβi,m,k

(
H∆

i,m,k

)
≥ 0 (26)

=⇒ CVaRβi,m,k

(
Hi,m,k

)
≥ α0ci,k ≥ 0. (27)

Hence, (26) implies (18) at tk and, by Proposition 2, the
finite-horizon safety guarantee. Because the CVaR-BF-QP
layer is differentiable, gradients from the policy loss Lπ

backpropagate through the safety layer to the actor parame-
ters θ. At sampling step k, the contribution through the QP
solution u∗

k is

∂Lπ

∂u∗
k

[
∂u∗

k

∂unom,k

∂unom,k

∂θ
+
∑
i∈I

∂u∗
k

∂βi,k

∂βi,k

∂θ

+
∑
i∈I

∂u∗
k

∂∆Ri,k

∂∆Ri,k

∂θ

]
.

(28)

This enables the policy to optimize task performance while
enforcing the safety constraints whenever feasible. In prac-
tice, fast-moving, uncooperative obstacles may render con-
straints infeasible. Therefore, the deployed implementation
uses slack variables to maintain QP feasibility.

V. SIMULATION

A. Simulation Settings

Environment. We evaluate our method in a crowd-
navigation simulator on a 12m× 12m workspace with time
step ∆t = 0.1 s. We train our policy using 20 dynamic
obstacles, each modeled as a circle of radius 0.4m, with
speeds sampled from [0.5, 1.5]m/s and randomized initial
positions and velocities. Test results are averaged over 10
independent runs (random seeds), each evaluated on 50
episodes with randomized initial conditions.

Obstacle motion follows the Social Force Model (SFM)
with uncooperative behavior. Each obstacle uses the three-
mode GMM in (7): one forward mode and two lateral-
deviation modes. For simplicity, all obstacles use the
same GMM, with weights [w1, w2, w3] = [0.6, 0.2, 0.2] and
standard deviations [σ1, σ2, σ3] = [0.1, 0.2, 0.2], although
the framework supports obstacle-dependent parameters. The
forward mode follows the SFM direction, whereas the two



Type Policy SR CR TR Avg. Ret. Traj. Time Min. Dist.

Opt.

ORCA [34] 52.6 47.4 0.0 1.92 ± 0.24 5.76 ± 0.13 0.79 ± 0.09

CBF-QP [23] 57.0 43.0 0.0 2.25 ± 0.18 6.60 ± 0.13 0.75 ± 0.09

CVaR-BF-QP [8] 54.6 45.4 0.0 2.11 ± 0.21 6.63 ± 0.14 0.80 ± 0.10

Adaptive-CVaR-BF [9] 52.0 48.0 0.0 2.01 ± 0.22 6.52 ± 0.15 0.82 ± 0.10

RL
Vanilla RL 58.2 41.8 0.0 2.07 ± 0.20 6.17 ± 0.10 0.92 ± 0.12

CrowdNav++ (const vel) [12] 48.8 51.2 0.0 0.59 ± 0.10 7.84 ± 0.23 0.42 ± 0.05

CrowdNav++ (inferred) [12] 63.6 36.4 0.0 0.73 ± 0.12 7.70 ± 0.24 0.52 ± 0.06

RL+Opt.

Vanilla RL + SF 65.0 35.0 0.0 1.96 ± 0.22 6.78 ± 0.09 0.90 ± 0.09

CrowdNav++ (const vel) + SF 63.8 36.0 0.2 0.65 ± 0.12 8.84 ± 0.28 0.53 ± 0.05

CrowdNav++ (inferred) + SF 68.6 31.4 0.0 0.70 ± 0.14 8.16 ± 0.29 0.60 ± 0.06

BarrierNet [20] 83.2 16.2 0.6 2.35 ± 0.19 6.51 ± 0.18 0.75 ± 0.09

Proposed 97.0 2.6 0.4 2.38 ± 0.21 6.86 ± 0.12 0.70 ± 0.08

TABLE I: Comparisons of baseline methods for the unicycle robot model in environments with 20 obstacles.

lateral modes represent sudden left or right deviations.
Across multiple obstacles, these modes induce combinatorial
uncertainty that can accumulate over time and create tail-
risk collisions absent under deterministic obstacle-motion
assumptions in prior environments [12], [13]. To isolate
the contribution of the CVaR-BF-QP layer, we assume
oracle access to obstacle uncertainty, i.e., the simulator
provides GMM parameters that are propagated with constant-
velocity prediction and then passed to the CVaR computation
module. In real deployments, the same interface can be
provided by a learned predictor, such as Trajectron++ [24].
Robot models. Consider a unicycle (ẋ = v cos θ, ẏ = v sin θ,
θ̇ = ω, u = [v, ω]⊤), with look-ahead point pℓ = [x +
ℓ cos θ, y+ ℓ sin θ]⊤. Set vmax = 1.5m/s and |ω| ≤ ωmax =
1.57 rad/s. Collision avoidance with obstacle i uses Eq. (25),
with p = pℓ and Rr + ℓ as radius for the unicycle [35].
Observation & action space. For each observation frame
τ , we define ōτ = [(ōrg

τ )⊤, (ō1τ )
⊤, . . . , (ōNobs

τ )⊤]⊤ with
Nobs = 20, where the robot-goal and obstacle observations
are ōrg

τ = [(pg − pτ )
⊤,v⊤

τ , θτ , Rr]
⊤ ∈ R6, ōiτ = [(pτ −

po
i,τ )

⊤, (vo
i,τ )

⊤, Ro
i ,mi,τ ]

⊤ ∈ R6. Here, mi,τ ∈ {0, 1} is the
activity mask for obstacle i. The observation at step k is then
defined as sk := [ō⊤k−2, ō

⊤
k−1, ō

⊤
k ]

⊤. The graph encoder uses
three attention layers with hidden dimension 64 and produces
16-dimensional node embeddings. All observed obstacles are
encoded by the policy and Ik ⊆ I denotes the NQP = 3
nearest active obstacles selected by the safety layer. As
defined in Section IV-C, the policy action parameterizes the
differentiable safety layer. The policy outputs unom,k ∈ R2,
corresponding to [vk, ωk]

⊤. We set
∑

i∈Ik
βi,k = β = 0.5

and ∆Rmax = 1.5(Rr +Ro
i +∆Rmin).

Reward. Following [12], the reward gives +20 at the goal,
−20 on collision, and otherwise a progress term rprog,k =

2(dgoal
k−1−dgoal

k ) with dgoal
k = ∥pk −pgoal∥2 and pgoal denotes

the goal position. For unicycle, we also include the rotation
penalty rrot,k = −αs(ωk∆t)2 and the backward-motion
penalty rback,k = −αb|vk| if vk < 0, where αs, αb > 0.
Performance metrics. Each test case j terminates at time
Tj ≤ Tmax

j upon reaching the goal neighborhood (∥pj −
pgoal∥2 < δ) or upon collision. Let mt, ms, mc, and mto

denote the total, successful, collision, and timeout counts,
respectively, with mt = ms +mc +mto, and let M denote

the index set of successful cases. The episodic return is
Gj =

∑Kj

k=0 γ
krj,k where Kj = ⌊Tj/∆t⌋, and the minimum

distance is dmin
j = mint∈[0,Tj ] mini∈I

(
∥pj(t) − po

i (t)∥ −
Rr −Ro

i

)
. We report five metrics:

SR =
ms

mt
, CR =

mc

mt
, TR =

mto

mt
Avg. Ret. =

1

mt

mt∑
j=1

Gj ,

Traj. Time =
1

ms

∑
j∈M

Tj , Min. Dist. =
1

ms

∑
j∈M

dmin
j .

B. Baselines

Table I compares 12 baselines under 20 obstacles for
the unicycle robot model. The evaluated methods are:
Opt.: ORCA [34] (rule-based reciprocal collision avoid-
ance), CBF-QP [23] (deterministic safety control), CVaR-
BF-QP [8] (risk-aware safe control with a fixed risk level),
and Adaptive-CVaR-BF [9] (CVaR-BF with adaptive risk
tuning). RL: Vanilla RL is a standard end-to-end policy that
outputs control actions directly from observations without
explicit safety mechanisms. CrowdNav++ (const vel) [12]
incorporates a socially aware interaction encoder, while
CrowdNav++ (inferred) [12] extends this with a modular
prediction of obstacle intentions. RL+Opt.: We evaluate
two RL+optimization variants: post-hoc safety filtering and
differentiable-layer integration. In SF baselines, nominal RL
actions are projected through (23) to satisfy probabilistic
safety constraints. BarrierNet [20] is trained end-to-end with
a differentiable CBF-QP layer, but assumes deterministic
environments without stochastic obstacle uncertainty.

In general, our method outperforms all baselines on the
key metrics, achieving the highest success rate. Although
the trajectory time is not the shortest, this is expected as
the reward function discourages short yet impolite behav-
iors. Nevertheless, the proposed method remains efficient,
achieving the highest return while maintaining a comfortable
distance and comparable trajectory time. Here, we further
distill the following key insights from our results.

Q1: How do different categories of methods perform
in dynamic environments? Optimization-based methods
generally struggle in highly dynamic environments because
the underlying control problems can become infeasible, par-
ticularly when surrounding obstacles exhibit uncooperative
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Fig. 2: Success rate versus obstacle number with different methods: opti-
mization (green), RL (yellow), and integrated RL+ Opt. approaches (red).

behavior. In such cases, the robot cannot generate an evasive
action, leading directly to collisions and lower success rates.
In contrast, pure RL methods improve task performance in
some cases but still exhibit relatively high collision rates
without explicit safety constraints. Approaches that com-
bine RL with optimization leverage the strengths of both
and achieve more reliable overall performance.

Q2: How do different ways of integrating safety
into RL affect performance? For RL methods, a post-
hoc SF improves the success rate, but remains suboptimal
compared to end-to-end safety integration, as it only corrects
actions after learning and does not enforce safety during
training, potentially degrading policy optimality. In contrast,
both the proposed method and BarrierNet [20] jointly op-
timize the policy and safety constraints through a differ-
entiable safety layer, enabling adaptive behavior. However,
unlike BarrierNet, the proposed method explicitly models
stochastic uncertainty and learns adaptive risk parameters,
which leads to stronger performance.

Q3: How robust are all methods across obstacle densi-
ties? Fig. 2 evaluates performance as the number of obstacles
increases. As obstacle density grows, all methods exhibit a
clear decline in success rate, reflecting the increased diffi-
culty of navigation in dense environments. However, the rate
of degradation varies across methods: ours is comparatively
more stable, while other methods degrade more rapidly.

C. Generalization

Table II evaluates generalization under out-of-distribution
(OOD) scenarios We compare four representative methods
spanning optimization-based, RL-based, post-hoc safety fil-
tering, and differentiable-layer approaches.

Q4: How robust are different types of meth-
ods under OOD cases? Vanilla RL exhibits a notice-
able degradation in performance, often performing worse
than optimization-based methods such as CVaR-BF-QP.
This suggests that optimization-based approaches provide

Case Method SR CR TR Avg. Ret. Traj. Time Min. Dist.

I

CVaR-BF-QP 40.4 59.6 0.0 1.16 ± 2.31 6.76 ± 1.98 0.68 ± 0.77

RL 42.4 57.6 0.0 1.40 ± 2.24 5.85 ± 1.27 0.77 ± 0.73

RL + SF 48.2 51.8 0.0 1.53 ± 2.33 6.33 ± 1.47 0.75 ± 0.69

Proposed 88.2 7.8 4.0 2.53 ± 1.99 16.25 ± 7.36 0.64 ± 0.45

II

CVaR-BF-QP 47.2 52.8 0.0 1.51 ± 2.47 6.87 ± 2.06 0.79 ± 0.82

RL 49.6 50.4 0.0 1.84 ± 2.27 6.03 ± 1.32 0.86 ± 0.75

RL + SF 58.2 41.8 0.0 2.07 ± 2.33 6.43 ± 1.48 0.81 ± 0.72

Proposed 95.2 3.2 1.6 3.10 ± 1.40 14.47 ± 6.29 0.73 ± 0.55

TABLE II: Generalization performance under two OOD scenarios. Case I:
more obstacles (30 obstacles). Case II: increased obstacle radius (0.5m).

Policy SR CR TR Avg. Ret. Traj. Time Min. Dist.
Policy 1 97.0 2.6 0.4 3.21 ± 1.26 14.42 ± 6.32 0.77 ± 0.57

Policy 2 92.0 7.6 0.4 3.18 ± 1.49 13.00 ± 5.60 0.77 ± 0.60

Policy 3 85.4 14.0 0.6 2.86 ± 1.83 13.01 ± 6.22 0.73 ± 0.64

Policy 4 84.8 14.4 0.8 2.89 ± 1.88 12.82 ± 6.74 0.73 ± 0.66

Policy 5 80.4 19.6 0.0 3.31 ± 1.86 6.36 ± 1.48 0.80 ± 0.75

TABLE III: Ablation study on the active-set risk allocation {βi,k}i∈Ik
and

adaptive safety margin ∆R. Policy 1: Proposed (adaptive risk allocation,
adaptive ∆R). Policy 2: fixed uniform risk allocation (β = 0.5), adaptive
∆R. Policy 3: adaptive risk allocation, fixed ∆R = 0.05. Policy 4: fixed
uniform risk allocation (β = 0.5), fixed ∆R = 0.05. Policy 5: w/o safety
layer (Vanilla RL with graph-based observation).

greater robustness to environmental variations compared to
purely learned policies. At the same time, incorporating
optimization-based safety mechanisms into RL (e.g., RL with
SF) significantly mitigates this degradation, recovering much
of the lost performance and bringing it closer to that of
optimization-based methods. However, a performance gap
still remains. The proposed method consistently outperforms
the baselines using SF, achieving higher success rates and
returns while maintaining competitive safety. This robust-
ness arises from the end-to-end learning of adaptive risk
parameters, which enables the policy to adjust its behavior
in response to changing scenarios.

D. Ablation Study

Table III reports an ablation under the same framework
that isolates the individual contributions. Success rate de-
grades monotonically as adaptive components are removed,
confirming that each factor contributes independently. This
reflects the complementary roles of the two mechanisms:
β reactively adjusts how much risk the policy tolerates as
perceived danger changes, whereas ∆R proactively expands
the physical buffer before an obstacle becomes imminent,
giving the robot the space and time to act on that risk
assessment. Without the safety layer, the robot collides far
more often (CR 19.6%). This demonstrates the effectiveness
of our differentiable CVaR-BF-QP layer.

VI. CONCLUSIONS

This paper presented an end-to-end risk-adaptive frame-
work for safe robot navigation in uncertain dynamic crowds.
By coupling an RL policy with a differentiable CVaR-BF-
QP safety layer under a GMM obstacle-motion uncertainty
model, the method jointly learns nominal control input, risk
level, and safety margin, enabling adaptive conservatism



with probabilistic safety guarantees. Experiments with the
unicycle robot show that the method maintains safety while
improving efficiency relative to optimization-based, RL-
based, and integrated RL with optimization methods. The
gains remain evident in the high-density OOD case with
30 obstacles: for the unicycle robot, the proposed method
achieves 2.08× the success rate of Vanilla RL.
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